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Abstract. In this paper, we give a proof of the Bouchard-Klemm-Marino-Pasquetti conjecture for a 
framed vertex, by using the symmetrized Cut-Join Equation developed in a previous paper. 



1. Introduction 

In their seminal paper [2], Bouchard, Klemm, Marino and Pasquetti propose a new approach to 
compute both the open and closed Gromov-Witten invariants of local Calabi-Yau manifolds, including 
the mirrors of toric varieties. The approach is based on the matrix models theory of Eynard and Orantin. 
To each toric Calabi-Yau three- fold, there is an algebraic curve E, living inside C* x C*, associated to 
the toric diagram. The curve E is called the framed mirror curve, with genus equal to the genus of the 
toric diagram. Bouchard, Klemm, Marino and Pasqquetti conjecture that the Gromov-Witten invariants 
of the toric Calabi-Yau three folds can be computed by applying the recursion of Eynard and Oranin to 
the framed mirror curve. 

The first example of Bouchard-Klemm-Marino-Pasquetti theory is the non-compact toric three fold 
C 3 , the socalled framed vertex, which is the building block of three dimensional toric varieties. In this 
case, the framed mirror curve is the algebraic curve x = y' (1 — y). The theory of Eynard and Orantin 
produce a topological recursion relations, when plug in the information of the framed mirror curve. On 
the other hand, there is an existing topological recursion for C 3 , i.e, the cut-join equation proved in [5] 
and its symmetrized version 3 . In this paper, we will prove that the Symmetrized Cut-Join Equation 
obtained in [3] implies the topological recursion of Eynard and Orantin, thus prove the Bouchard-Klemm- 
Marino-Pasquetti conjecture in the C 3 case. 

Our strategy is strongly motivated by the recent work of Eynard-Mulase-Safnuk on the Bouchard- 
Marino conjecure. The Bouchard-Marino conjecture on Hurwitz numbers is a topological recursion of 
Eynard-Orantin type. This conjecture was first proved by Borot, Eynard, Mulase and Safnuk, using 
very deep results in matrix model theory. Later, Eynar, Mulase and Safnuk give another proof by 
comparing the conjectural recursion with the symmetrized cut-join equation of Hurwitz numbers, which 
was discovered by Goulden- Jackson- Vainshtein [5]. We now describe their second approach. First, writing 
the residues in the conjectural recursion as a contour integral, and a residue theorem calculus switch 
the calculation to the two nearby simple poles. This computation provide an equivalent form of the 
conjectural formula, which is an identity of polynomials. Then, by pushing forward the Symmetrized 
Cut-Join Equation of Goulden- Jackson- Vainstcin via the projection n : E' — > C from the mirror curve E' 
associated to the Hurwitz numbers, they are able to show the resulting equation, modulo the principle 
(singular) part, is precisely the equation obtained in the first step. 

In this paper, we will give a proof of the BKMP conjecture for the framed vertex C 3 . In fact, the 
Bouchard-Marino conjecture is a specialization of the BKMP conjecture for C 3 , by letting the framing 
/ — ► oo. The Hurwitz numbers are then replaced by the Gromov-Witten invariants, which can be written 
as Hodge integrals involves three A classes. The generating series of such Hodge integrals satisfies a 
similar cut-join equation. The corresponding Symmetrized Cut- Join Equation is obtained by the author 
in a previous paper [3J. Following the line of Eynard-Mulase-Safnuk, we prove the BKMP conjecture by 
switching the residues calculation to the two nearby simple poles in the question, and pushing forward 
the Symmetrized Cut-Join Equation of [3j via the projection from the framed mirror curve. 

We will describe some known results in Section [2 The BKMP conjecture for C 3 is stated in Section 
[3l In Section |4j we compute the residues appeared in the conjectural recursion. Replacing the complex 
analysis of the functions rj n (v), invent by Eynard-Mulase-Safnuk, by formal power series argument in 
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Section^ we simplify the proof the technical Lemma l5.ll avoid the convergence and analytic continuation 
difficulty in |3j . Finally, we compute the push forward of the Symmetrized Cut- Join Equation in the last 
two sections, and establish the BKMP conjecture. 

I would like to thank Professor Kefeng Liu and Bailin Song for helpful discussion. I also want to thank 
Professor Mulase for explaining their work to me. This work is supported by Simons Center for Geometry 
and Physics, Stony Brook University. 



2. Marino- Vafa formula and Symmetrized Cut- Join Equation 

The celebrated topological vertex theory developed by Li-Liu-Liu-Zhou [7] establishes a correspondence 
between two different types of physics theory, topological string theory and the Chern-Simons theory. 
More precisely, it gives a closed formula of Gromov-Witten invariants of certain toric Calabi-Yau three 
folds in terms of link invariants (see [8] [9] [7]). 

The simplest example is the so-called Marino- Vafa formula proved by Liu-Liu-Zhou [§J. Via virtual 
localization, one side of the Marino- Vafa formula can be written as a generating series of Hodge integrals 
involves three lambda classes C = X) s >o n>i C, ! JA 29_2+n , where 

T"",,,, , TTIESW + «) f r,(/) 



=T(/(i + z))"- 1 g ^i M f[ n^Mi/ + «) 



n\ ^ v -11 ( w - 1)1 



„ n n 

e /_ r 9 (/)n^n^-p^ 

J. J M„ „ .'1 .'1 



. ,M - 

The formula proved in [8] relates the generating series C to a truncated version of the framing dependent 
Chern-Simons partition function (generating series of colored HOMFLY polynomials) of unknot. In the 
above formula, we use the notation 

^(p) = E v^\2S^ m j = \ E v^" +1 p m nr ° 1(r7 ; /+a) ^ 

* — ' ?7i — l)! f m! 



for a formal sum involve infinitely many formal variables j) = {pi, P2, • ■ ■ }, and the class 

r 9 (/) = A g v (l)A g v (/)A g v (-/-l) 



for 

A*(u) = - Ai^- 1 + • • • + (-1)%. 

The relation between these Hodge integrals and the Gromov-Witten invariants of Calabi-Yau three-folds 
can be found in [B]. 

The generating function C satisfy a Cut-Join Equation: 

,„ , dC ^ , d 2 C dC dC . . dC . 

(2 - 1} af = — E (lJPl+J ^p7 + Wi -^p-^p- + {l + J)p * p W 

In [3], the author introduced symmetrization operators 

3„ : C[pi,p 2 , ■••]-> C[xi, • • • ,x n ] 
with values in the subring of C[xi, • • • , x n ] consists of symmetric polynomials, by letting 



■ X a(n) 
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for n ^ 1 if 1(a) = n with a — (a\, ■ ■ ■ , a n ), and otherwise. 

After a transcendental change of variables 

y(x) f (l - y(x)) = x 
1 

t 



or explicitly 



=l + (±^)< 

= i + ( llj ) yn:: 1 ("/ + ") /| 

^ n=l 

the generating series become 

n 

tf 9 ,„ = -(/(i + /))"- 1 ^ <r fel ---r 6 „r 9 (/) > fl n^(ti). 

61, i=l 

In the above expression, 



t(t - + 1) eA b /t-l 



/ + 1 dtj v/ + i, 

for 6 > is a polynomial in t of degree 26 + 1, with coefficients in Q(/). For convenience, we denote 



. 1 (t) = -log(l + l) 



for later use. It is easy to check that 



compatible with our notations. 

Apply the symmetrization operator 3 n and change the variables from X{ into ti , Equation 12.11 trans- 
formed into the following Symmetrized Cut-Join Equation proved in [3] 

{ d .JL) H %(tu- ■■,t n ,f) = T 1 +T 2 +T 3 + T i , 

where 



T » = -5 E E e *-'(M<i-l)(¥r^)J-ff£(ti,- -,**,/)) 

■(^(ii-l)(^^)^n + i(*i>Wi,---,in,/)) 
r 3 = -^e*_i(ti(ti - V^-J^)-^ 11 ^--- ,W))(*x(*i - l)(y-^)^^- fe+ i(ii^fe+i, 



fc=3 
+2 



T 4 =er 



tf(ti-l)(t 2 -l),*i/ + lv 2 9 



( 7Tr } ^ fl 'n-l(*l.*3,-,tn,/) 
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We remark that this is an equality in the polynomial ring C(/)[£i, • • • , t n ]. The symbol means take 
the symmetric sum. For more detail about this Symmetrized Cut- Join Equation, we refer to [3]. 



3. The BKMP Conjecture 

The Symmetrized Cut- Join Equation is a set of topological recursion of Hodge integrals, i.c, it computes 
genus g Hodge integrals in terms of integrals with less genus or less marked points. 

The BKMP conjecture is another set of topological recursion of Hodge integrals, coming from the 
conjectural duality between topological string theory and matrix model theory. We now describe the 
recursions in the BKMP conjecture for C 3 . In this case, the Framed Mirror Curve C is given by 

x = y f (l - y), 

with the formal power series inverse function 

y(x) = 1 - X, x ■ 

71=1 

Denote Cn (depends on /) the differential one form 

_ f / t (t-l)(ft + l) , 

V / + i M / + i j 

r ^— ' ml 

m—l 

Let W g (xi, • • • , x n ) be the differential n-form defined by the formula 

n 

W g (x U • ■ ■ ,<) - (-l) 9+ "(/(/ + I))"" 1 < ^ ■ ■ • T »^ 9 (f) > II /). 

bt, •••,&„ i=l 

For example 

W (x) = logy (a;) • — 

cfcMa^ ^2/1^2/2 cfccitfoa 

Wolxi,^) = B{y 1 ,y 2 ) 



(x 1 -x 2 ) 2 (2/1-2/2) 2 {xi-x 2 ) 2 ' 
f 

W (xi,x 2 ,X3) = - + dt\dhdtz 

If we denote = -j^dxi = -§j-dti the differential with respect to the i-th variable, then the differential 
n-form 

W g (x lr -- ,x n ) = (-l) 9+n ^ 1 d 1 ---d n H^ 
becomes an element in the canonical module C(/)[ti, ■ • • , t n ]dti ■ ■ ■ dt n , if switch to the U variables. 

The Framed Mirror Curve C has a critical point (x,y) = ( fj+iTTTi ; y+r)- Near the critical point, the 
morphism 

C^C 
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sending (x, y) to x is (locally) a branching double cover. Let q and q be two points on the Framed Mirror 
Curve close to the critical point such that x(q) = x(q). Define one forms 

w(g) = (logy(g) - log y(q)) dx[q ' 



x(q) 



dE(q,q,y 2 ) = — 



2 \y2-y(q) V2-y{q) 

The kernel function is defined to be the formal quotient 

v, - n dE(q,q,y 2 ) 

K(q,q,y 2 ) = tt • 

u(q) 

The BKMP conjectural recursion reads: 

Conjecture 1 (BKMP). The differential forms W g (y,y\, - ■ ■ ,y n ) are completely determined by the fol- 
lowing topological recursion relation 

W g (y, yi ,--- ,y n ) =Res y{q)= _£_ ^ [W g -i (y(q), y(q),yi, • • • ,y n ) 

stable 

+ E E E^W'*(»®>w) 

gi+92=g I \\J=H J<zH 

n 

+ ^{W g {y{q), y H \ {i} ) ® B(y(q), yi ) + B(y(q), yi ) <g> W g (y(q), y H \{i}))}, 
»=i 

together with the initial conditions 

f 

W§{x\,x?.,xs) = - -q — ^ dt 1 dt 2 dt 3 

W 1 (x 1 ) = ±((l + f + f 2 )( -f(l + fKi). 

In the rest of this paper, we will prove that the Symmetrized Cut-Join Equation implies the above 
BKMP conjecture. 



4. Residue Calculus 

The RHS of the BKMP conjecture involves the following two types of residues. 
Type I: Comes from W g -\ and the stable sums. 

R a , b {y) = Res y(q)=7h dE{ ^ y) Ca(y(q)K b (y(q)). 

Type II: Comes from the unstable contribution of integral over the point M 0j 2- 

R a (y, yi ) = Rcs y{q) = 7 ^ dE{ ^ y) (Uy{q))B{y{q), yi ) + Uy{q))B{y{q)^)) . 

Before going into the computations, we first explain the meaning of the above two residues. Take a 
small open neighborhood U of in C, such that the projection 

7T : C -» C 

is two to one on the open set tt~ 1 (U\ { ^^ f+1 }). Denote by s : q q the holomorphic inversion, which 
is well defined on the open neighborhood ■n~ 1 U of the critical point. 
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In the formula of Type I case, 

(a{y{q)) = 4>' a {y{q))dx(q) 
( b (y(q)) = c/> b (y(q))s'(x(q))dx(q) 

where (j)' n = -^<j) n is the derivative of <j> n . The denominator w(q) of the formal quotient K(q,q,y 2 ) 
canceled one of the dx(q), thus the product K(q,q,y)(a{y{q))(b{y{q)) is a two form. After taking the 
residue, R a ,b(y) became a meromorphic one form. Similar description holds for the two form R a {y 1 yi). 



Lemma 4.1. Change into the variable t, i.e, let R a ,b(y) = P a ,b(t)dt, then P a ,b(t) G C(f)[t] is a polynomial 
of t with coefficients in the field C(/). 

f+- i 

Proof. Let y = yq-j- and let z = j. The critical point of the Framed Mirror Curve is then the point 
in the z coordinate. Formally, the kernel function K(q,q,y) is the product of ^ + ^ dy ® j^j^ and the 
function 

(l=I^J - 1=1^) 1 r z(q) - z(q) 



lo g (l + £M) _ l og (i + £M) (z - z(q))(z - z(q)) L l og (i + fM) _ l og (i + ) 



holomorphic around = 0. 
We abuse the notation 



(a(y(q))=(a(t(q)) = ( a (^), 



which is in the module of differentials C(f)[t(q)]dt(q). 
Recall that 



x(q) _ t(q)(t(q) - l)(ft(q) + 1) (1 -*)(/ + z) 



dx{q) (f + l)dt{q) z(f+l)dz ' 

By linearity, we only need to consider the residue 

F(z(q)) 1 dz(q) 

ReSz ^{z-z(q))(z-z{q)) ' z(q)» z{qf ® ^ 

for integer a > and functions F(z) holomorphic around z = 0. Since dy = — jzjjrpp} , w e have 

by expanding the denominator. This expression only contains non-negative power of | = t. Moreover, if 
k > 5 + a, then the summand is then holomorphic at z(q) = 0, and has no residue. This shows that the 
above residue is a polynomial times dt. A more careful analysis of the parameter / in the above process 
shows that the coefficients are in fact rational functions in the variable /. □ 



Under the z coordinate, the projection ir : C — > C maps the critical point to z = 0. By shrinking 
the open neighborhood U suitably, we can find a simple closed curve around z = 0. The holomorphic 
inversion s is thus defined in the interior of the area bounded by 7. Let the variable y sufficiently close 
to the critical point such that it is inside the curve 7. 

Let ( a (y) — F a (i)dt for some polynomial F a (t) € C(f)[t]. By compactness, the functions F a (y(q)), 
F b (y(q)), iog( y (g))liog(y(g)) and (*(<?) - !)(/*(?) + 1) arc a11 bounded along the circle 7. We thus have 
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the following estimate of the contour integral: 

1 f dE(q,q,y) , , , w 

<a{y{q)Kb{y{q)) 



2-iri J 7 oj(q) 

1 f li^M) ~ ^) _ g dy) _ Fa{mdt{q) . Fbm)dm 



2-ni J 7 logy(g) - logy(g) dc(g) 
dy f l^-^kq) ~ y^vW" 1 *(«)(*(?) - 1) (/*(<?) + 1) 



27ri 7 7 logy(g) - logy(g) (/ + 1) 

di eft 

- 'W\~W\' 



F a (t(q)) ■ F b (t(q))s'(t(q))dt(q) 



By hypothesis, we choose z small enough (sufficiently close to the critical point), such that it is in the 
interior bounded by 7. Then we choose another simple closed curve around z = (i.e, t = 00), such 
that both z and s(z) are outside 700. 

The above estimate together with Lemma |4 . 1 1 imply that the above integral is the principle part of the 
following integral 

A:=±f d ^^Uy(q))Uym- 

There are two poles z(q) = z and z(q) = s(z) between the two circle 7 and 700. The integral A thus can 
be computed by residue theorem: 

A T> ^r(z-l(q) ~ z-l(q)) 1 w 1 v X(q) 

io g (i + if-) - io g (i + ^M) z{q) «(?) Mq) 

Ke& ^)-^) log(1 + £ M ) _ log(1 + £M ) 6 W W*(«) 2 ' Cf + IM?) 3 

rwrf Mu»w t(t-l)(/t + l) 



log(l 4 


- - log(l 4 
-±dt 




+ log(l 4 


-£)-log(U 






1 

2 




log(l 4 


-^)-log(l4 






1 
2 





- l)(fs(t) + 1) 

(/ + 1) 



■ — i — - < Va+1 {t)<p b+1 (s(t)) + ct> a+ i(s(t))4> b+ i(t)) ■ -^7^ 

log(l 4- 77) - log(l + -At?) t(t-l)(ft + 



Let f(t) = Xm>-jv a «*™ € C(/)((£)) be a Laurent series. Denote by /(£)+ = X)^>o a ™*™ tne regular- 
part of /(i). The above formula of A and the estimate of the contour integral along 7 give the following 
proposition. 

Proposition 4.2. 

Pa At) = h t, , rr-^ „ , 1 r (^+ift)^ + i(g(*)) + ^+i(s(*))^+ift)) ::i ' ! ^ 



log(l + ^)-log(l4- 7 ^ T )^ +i ^° +i ^ w/ va^n^n t{t _ 1){ft + 1] 



Next we consider the Type II residues. A similar argument as in the Type I case leads to the following 
lemma, the proof of which we left for the reader. 
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Lemma 4.3. Change to the t and tj variable, Rad/iUi) = F a (t, t^dtdtj, then P a (t,t{) € C(/)[t, ij] is a 
polynomial of two variables t and ti with coefficients in the field C(/). 



Let the variable U take values in the area such that its inverse Zi and s{zi) are outside the area bounded 
by 7. Let us now consider the following integral 

B = 1 I dE(^y) 

2m J 7 y_ 7oo w(<?) 

We expect the integral along 7 is the principle part, while the 700 part gives the residue we compute. 
By our hypothesis, there are two simple poles in the area bounded by the contour, so by residue 
theorem: 

B= _Lf dE{q-qy) + um)B{{q ^ )} 

tj g^gjJ^M. , , f(g)(f(g)-l)(/t(g) + l) 
=Res 2(9)=t - 1 , s(t) - 1 _ - ^ _ _ - ^ dw d w ^ 

(2/(9) - y*r - y*) / 

-s'(t)dtdU i(t -!)(/* + !) / F„(t) , F w («(t)) 



2(^(1 + ^-^(1 + ^)) + U*(*)-*i) 2 (*"*i) S 

-dtdti «(*)(*(*) - !)(/*(*) + 1) (F n {s(t)) F n (t) 



2(log(l + -^)-log(l + 7 ^ J )) (/ + 1) V(*-*i) 2 (*(*)- *i) 2 

-s'{t)dtdU t(t-l)(ft + l) ( F n (t) F n (s(t)) 



l0g(l + - l0g(l + ^jy) (/ + 1) V(«(*)-*i) 2 (*"*i) 2 

-dtdti /0„ + i(f)s'(i) , &, +1 («(t))' 



~log(l + j- t )- log(l + j^y) V (*(*) - *i) 2 (* - 
<t> n+1 (t)B(s(t),U) + <ft w+1 (s(f))g(t, tj) 
log(l + ^)-log(l + 7 ^y) 

After a more careful examination of the expression B, by expand it as a formal Laurent series, it is not 
hard to see that in fact B £ C(f)[ti}((t)). For a Laurent series 

00 

f(t,u)= eC(/)fc]((t)), 

n>-JV 

we denote by f(t,ti) + the truncation X)^>o a ™ e ^(/) [*»][[*]] OI " tne regular part of f(t,ti). By a 
similar argument as we have done for the Type I residue, we have the estimate 

1 f dE ^y\ (Ca ^ - « 



2m L W(q) VWW-WWW 1 sa V *W/-V*W.I«AM | t 2| | t 2|' 



which has to be the principle part of the Laurent series, according to Lemma 14731 This finishes the proof 
the the following 

Proposition 4.4. 

' </> n+1 (t)B(s(t),ti)+4> n+1 (s(t))B(t,ti)\ 



Mi+^-ioga+^j) 



The calculation of this section proves the following theorem: 
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Theorem 4.5. The topological recursion in the BKMP conjecture^ is equivalent to 

n 

(fif + W- 1 E <n 1 ---r K T g (f)> g YldfaM 

b x ,— ,b n k=l 

n n 

=(/(/ + !))" E <r ai T a2 ]]r g _ 1 (f)> g _ 1 ]ld<f >bk (t k )-P aua2 (t 1 )dt 1 

ai,a2)&2i"' fin k—2 k—2 

stable 

-(/(/+ 1))- 1 e e <^n^ r 91 (/)> 91 

pi+p+2— gj U J={2,-- ,n} ai,a2,62)'" j^n 
n 

< T a 2 II Tb 3 r 92(/) >S2 II • Pauaiit^dh 

je.J k=2 

n n n 

-(/(/+i)r" 2 E e <^ n ^> n 

i=2 6,6i,ie{2,-,n}\{i} k=2,kj£j k=2,kytj 



5. Some Formal Analysis 
The critical point of the curve x = y' (1 — f) is 

(x ' y) = ( (/+ / i)/+ 1 '7TT ) - 

Let 

, 1 2 

— e 7 and w — —v , 



then we have 



Let -F(z) be the unique formal power series in Q(/)[[z]] such that F(0) = 1 and 

The coefficients of F(z)F(z) = 1 + 53feLi a fc 2; ' c are determined recursively by the relations 
do = 1 

fc x / 1 _(^i)fe+i\ 

E a ^ = kT2 { i + i J for fc - L 

It is obvious that the two possible solutions of v are ±zF(z). We take v to be the solution zF(z), 
which admit a formal inverse function 



z = vG(y) = v + E .9fc ufc+1 e w 



fc=i 



The holomorphic map s can be described as by sending i = to s(t) = _ v q^_ v - ) , i-e, sending v i— * — u. 

It is easy to see that 



1 1 °° 

* = h , ^oo feT = -[1 + E kkV ^ G ^ 
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Lemma 5.1. Let 

V-i(v) = -^(log(l + j t )- log(l + — ^)) = - 0-i(s(*))), 

and /e£ J7 n -|_i(u) = — /+risj ? ?n(' l; ) / or a ^ n — — 1> i/ien we have 

Vn(v) = \{<t>n{t) ~ <t>n{s{t))). 

Moreover, for each n > — 1 

Vn(v) = 4> n (t) + F n (w) 

for some F n (w) G Q(/) [[«?]]. 
Proof. By definition, we have 

/ 1 d _ f d _ d _ t(t - l)(ft + 1) d 



f+lvdv f + ldw dx (/ + 1) dt 

is invariant under the action of s : 1 1— > s(i). Applying this operator n times to the definition of r?_i (f), 
we get the first claim. 

It is obvious that r) n (v) is odd in the variable v, so r]-±(v) — -r-{i + ■ ■ ■ ) G uQ(/)[[u]] contains only 
odd power of v. By applying the operator — j^rr^^j to rj-x(v), we get 



We have 



/" (2n — 1)!! 1 

= (/ + l)n+l ' v 2n+l ( X H ) G 



- 0-i(*) = -~(0-i(*) + 0-1 («(*))) 



1 + °° \n— 1 
n=l ^ 

which is in the formal power series ring Q(/)[[i>]]. Moreover, it is even in the variable v, thus in the ring 
Q(/)[[w;]]. We denote it by F-±(w). Since there is no constant term, F-t(w) G Q(/)[[w]]. This proves 
the second claim for n = — 1. 

For n > — 1, apply the operator — j+j^;f^ to the equation 

Tl-xtl)) - =F-i( W ) 

repeatedly n times, we obtain 

Vn(v) = ^nit) + F n (w) 

for F n (w) = (-1+1 ^F^w) £ ®{f)[[w]] by induction. □ 
Corollary 5.2. 

p 1 f Va+l(v)Vb+l(v) J + 1, , , 

2 V 1-lW / 

Proof. By Proposition ^. 2[ we have 

2 (4> a+1 (i)^ +1 ( S (t)) + 0a+l(*(t))&+l(t)) - (/ + 



log(l + i)-log(l + ^)^™^™^ ' t(t _i )(/t+ i) 

1 + , 0a+l(*)-0a+l(*(*)) 06+1 (<)- 06+1 («(<)) 



2tj_i(«) i(t-l)(/t+l) v 2 

0a+l(t) + («(*)) 06+lft) + 06+1 (s(t)) 

2 2 

(f + l)vdv. 



■(?7 a+ i(w)?7 b+ i(u) - F a+ i(w)F h+ i(w)). 
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To complete the proof, only need to notice that 

' F a+ i(w)F b+ i(w)vdv 



\vi-^v(t) 



+ 

□ 



6. The left hand side 

After all the preparations, we are now ready to prove the BKMP conjecture. We will show that the 
push forward of the Symmetrized Cut-Join Equation via the first variable from the Framed Mirror Curve 
to C gives the BKMP conjecture. 

In this section, we will deal with the LHS of the Symmetrized Cut-Join Equation. Unlike the Hurwitz 
number case studied in [4], the LHS of our Symmetrized Cut- Join Equation involves taking derivative 
with respect to the parameter / that need more special treatment. 

The LHS of the symmetrized cut-join equation reads 

+ 1 %^ ' I) 

= |l»^(tl(lft>/)»- MVn,f),f) 

If we change the variable 



then 

dx 

w 

and the differential operator above 



/ vf \ f 9 

(/ + 1) 2 2p) vtif + ^dvt' 



e ( w > v , 



^72 +1 °g(- 



( / + i)2 2/2 1 ~°v + r 

then becomes 



3, f, d 



i=i 



dxi 



A, 



m , 1 



/=i 



fti 



Taking the direct image of a function F on the framed curve via the map tt : C — > C with respect to 
the first variable, i.e, 7r*(F) = F(vi) + F(—i>i). The term with becomes 

§j\v t + £ <n 1 ---n,r g (f)> g ^ bl (h) + cb bl (s(h)))f[K(tk) 



bx,--,b n k=2 



=Ak (-2(/(/ + i)) n - 1 £ <r bl ---r fc „r g (/)> g ^ 1 ( Wl )f[^(t fc ) 

\ 6i,— ,6„ fc=2 

which we denoted by A for short. In the summation, the / ^ 1 term becomes a sum of 

los(1 + h - (7TTF - $) (TTih^ ( F - (tl) fi*.w) ■ 
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which we denote by Ai(b\, ■ ■ ■ ,b n ). The term with I = 1 contributes a sum of 

1 f iP* \ f d n 

log(1 + ~ (7TTF " W ) (TTTk Fbl[wi)) U ^ {tk) 



k=2 

2 



(1 f ^ \ f d 

Mi + y^y) - ^ - §2 j (TTTR^i (% { - Vl) - Fbl {wi)) n ^ ^ 

= ( log(l + ^ - log(1 + (jTiM n ^c*) 

+ (log(l + ^) + log(l + - - F bl+1 (m) ft ^ (**) 

n 

=277_i («i)776 1+ l(ui) JJ 06 fc (*k) + ^l(&l, ' ' ' ,&„), 



fe=2 



where Ai(bi, ■ ■ ■ ,b n ) denote the part involves F bl +i(wi). 

In summary, the push forward of the LHS of the Symmetrized Cut- Join Equation is the following: 

L^I+c/Xf + i))"- 1 ]T <r bl ---r bn r g (/)> g 

(n n \ 

277-1 (v!)r] bl+1 {vi) Y[ <l>b k (t k ) +J2Mh,--- ,b n )\ 
k=2 1 = 1 / 

n 

=2(/(/ + i))"- 1 <n 1 ---nMf)> g v-i{v 1 )vb 1+ i(v 1 )l[it> bh {t k ) + B, 

6i, •■■,&„ k=2 

where we write 

n 

B-^A+ifif + l))"- 1 <r bl ---T bn T g (f)> g J2Mbi,--- ,b n ). 

bi,-,b n 1 = 1 

for short. The crucial observation is that A and Ai{b\, ■ ■ ■ ,b n ) for I = 1, • • • , n are all regular in W\. This 
can be check from their definition. Thus their sum B is also regular in W\, and we have the important 
estimate 

( B (f + l)dt \ =Q 



^2r?_i(7;i) t(t-l)(ft+l)J + 

On the other hand, we have 

n 

Wg =(-i) s+n (/(/ + 1))- 1 < ^ ■ ■ -n n r g (f) > 9 II 

bi,---,b„ k=l 
_(_ U g+n if + . . 

( j 2r / _ 1 ( Ul )t 1 (t 1 -l)(/t 1 + l) rf2 '" d " 

L-B+{f{f + l)) n - 1 Yl <n 1 ---r bn T g (f)> g F bl+1 (w 1 )l[^ k (t k ) 

6i,-,6„ fe=2 

(2^ 1 (« 1 )^r-* i (/ tl +i) d2 • • • dnL 



+ 



This finishes the computation of the LHS of the BKMP conjecture. 
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7. The Right Hand Side 

We now compute the push forward of the RHS of the Symmetrized Cut-Join Equation. Recall that it 
is the sum of the following four terms: 

Tl=~ \ |>(i* - l )^J^Y)^ ■ *™+l(*n+l - 1 )(^ ! 7^)a£^ ff nTilWi=t. 

T ^ = -\ E E Qk-i(h(h-i)M^)-^Hfi{t u ---,t k ,f)) 

■(h(h-i)^^)^H«z a k+1 (t 1 ,t k+1 ,---,t n ,f)) 
41 ( 7TT ) ^- ff n-i(*i.*3, ■■■,*»,/)• 



The push forward of the Ti part of the RHS of the Symmetrized Cut-Join Equation is the sum of 

\(f(f + i)) n E < t ^ • • • ^w^-iCf) >»-i 

n 

n + l + 1 

(*(ii)))-n^^) 

= (/(/ + !))" E <r6 1 ---r 6n+i r s _ 1 (/)> s _ 1 



k=2 



6l,-- ,6n+l 

n 

• (%i+i(«i)»?6 n+ i+i(«i) +^b 1 +i(^i)^„ +1 +i(wi)) • n <ft, fc (*k) 



fc=2 



and 



-£(/(/ + i)) n E <T6 1 ---r 6n+1 r s _ 1 (/)> s _ 1 ^ 1 ( Wl )(^ i+1 (i ; )^„ +1+ i(tO) II ^M- 

1=2 6i,---,6 n+ i i=2,ijil 

Thus we have 

tt.Ti • (/ + l)dh 



2r ] - 1 (v 1 )t 1 (t 1 -l){ft 1 + l)J + 

n 

=(/(/ + i)) n E < ^ • ■ -^ +1 r s -i(/) > fl _i n K(*k) 

i>i,-" >&n+i *:=2 

(/ + i)^i+i(«i)^„+i+i(«i)"i^r 

2/r/_i(«i) 

n 

=(/(/ + !))" E <'*.-'Vir ! -i(/)> J -in^( t ')A,^(ti)'Si. 

6i,-- ,b n +i k—2 
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By completely the same computation, applied to T 2 + T 3 , we have 
7r.(T 2 +T 3 )-(/ + l)dti 



2 V - 1 {v 1 )t 1 (t 1 -l)(ft 1 + l)J + 

stable 

=-(/(/+ 1))"- 1 E E E <^n^ r ^(/)> s 

5i +52=5 7]J J={2,- - ,n} 01,02,62," - ,&n i€l 
n 

• < 7-« 2 n r(> j r »(/) ^oi,a 2 (*i)^i n 

j'6J fc=2 



The T4 part is much more complicated, and need additional care. First of all, it is equal to 

e 77TT)f^r (/(/+l)) "" 2 e <rh n ^r g (/)> s fc+1 ^) n <m^- 



ti(/ti+ 1)^-1) 
t,- 

l<i,j<n w /v J/ 6,6 i ,ie{l,-" ,n}\{i,j} k=l,kjti,j k=l,kjti,j 



The push forward 7r*T 4 = Si + S 2 + S 3 , for 

Si= E 2 W + 1 ))" flCT E II ^r a( /)> t 

n 

n n 

s 2 = -£(/(/ + i))"- 2 £ <r 6 H ^r s (/)> g 

i=2 M>i,»€{2,- ,n}\{j} k=2,kjij 



/ ti(/ti + i)(t 3 --i) + ■ , A 

-E(/(/ + i))"- 2 E <^ ft ^r ff (/)> fl 

»=2 6,6i,ie{2,--- ,n}\{i} k=2,k^i 

**(/** + i)(ti - 1) , + i)(*(*i)-i)V A , , 

06+1 J 11 9b k {tk)- 
k=2.k=£i 



<f>b k (tk) 



(f + l)(U-h) (f + i)( ti -s(h)) 
It is easy to see that 



Si ■ (/ + l)dti 
,2»j_i(ui)ti(ti-l)(/ti + l)y + 

since Si is holomorphic in the variable w\. Because of 

+ l)(*i - 1) , UifU + l)(s(h) - 1) 



(/ + - *i) (/ + - *(*i)) 
1 ' f-^ 



f + i f + i t^ \t k i +1 s ^ k+1 

we also have 
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Finally, let us compute the contribution of S 2 - Consider the differentials: 
(f + l)dh ti(fh + 



dj U^MMii - i)(/*i + 1) ' (/ + i)(ti - tj) 0fc+l(tl) 



2T?_i(«i)(ti-l)(ti-tj) 

. j (j> b+ i(ti)dti | </>6+i(*i)dti 



2»7_i(i;i)(ti - 1) 2»j_i(vi)(ti-t J -) 
2«7-i(«i) ' 

/ (/ + 8 (t 1 )(/s(t 1 ) + 1)^-1) ^ , „ 

, / + a(ti)(/ a (ti) + l)(t 3 --l) 

" 3 i,2^_ 1 ( Wl )a(t 1 )( S (t 1 ) - l)(/a(t!) + 1) (/ + l)( S (tx) - i,-) 1 U; 

j j)+ i(s(ti))5 , fti)dt 1 + 0n-i(s(ti))a'(ti)dti 



2»7_i(wi)(s(ti) - 1) 2»y_i(t;i)(s(ti) - tj) 
_ ( , +1 ( 8 (ti))B( a (t 1 ),t 3 Q 
2r/_i(wi) 

We have the following simplified expression 

S 2 • (/ + l)dh 



d 2 ---d n 



2 >7 _i(wi)ti(ti-l)(/ti + l) 



E(/(/ +i )) n " 2 e ^ n n k r g (f)> g n 

j=2 6,6i,ie{2,— ,n}\{J} k=2,kjtj k=2,k=£j 

^{t^Bjt^tj) + 4> b +i(s{t 1 ))B{ S (t 1 ),t i y 
2?7_i(vi) 



To obtain the P n (ti,tj) term in the BKMP conjecture, we need to switch one of the ti with s(ti) in the 
above expression. This can be done by the following estimate: 



and similarly 



2»7-i(ui) /+ V V-i(vi) J + 

Thus we have the relation 



Pb(t\,tj)dt\dtj 



( ( / }b+1 {s(h))B(t 1 ,t 3 )+^ b+1 (t 1 )B( s (t 1 ),t 3 ) \ 

v " Mi+^-ioga+TAij) ; + 

/ ^ + i(ti)B(ti,t 3 Q+0t + i(a(ti))B(a(ti),tj 
V 2» 7 _i(wi) 
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and the estimate of tt^T^ and S 2 - 

7T»T 4 • (/ + l)dh \ , , ( S 2 -(f + l)dt 1 



do--- d 7l 



2 V _ 1 (v 1 )t 1 (t 1 )(ft 1 + l)J + V2»?-i(«i)ti(*i)(/*i + l)>/ + 



(/(/ + i))"- 2 E E <T » II ^^(/j^-n^i,*,-) n 

J=2 b,b t ,ie{2,--- ,n}\{i} k=\,k=fi,j k=2,k^j 



Collect all the pieces, we have finish the computation of the push forward of the RHS of the Sym- 
metrized Cut- Join Equation: 

' 7T* {T\ +T 2 +T 3 + T 4 ) ■ (/ + l)dt{ 



do- ■ -d„ 



2»/_i(t; 1 )t 1 (t 1 )(/*i+l) 



=(/(/ + !))" E <r ai T a2 l[T g ^(f)> g _ 1 l[d4> bk (t k )-P ai!a2 (t 1 )dt 1 

ai,a2,62)'" fc=2 &;— 2 

-(/(/+ 1))"- 1 E E <^I1 t ^(/) > « 

n 

• < T a 2 II Tb +92(/) >S2 II d(j) bk {t k ) ■ P au a 2 (tl)dt 1 

je.J k=i 

n n n 

-(/(/+i)) ,i ^ 2 E e <t » n n #& fe («fe)-A(*i,*;). 

i=2 6,6i,ie{2,— ,n}\{i} k=2,k=ij k=2,k^j 

The recursion in Theorem 14.51 then follows from plugging in the results of this and the previous section 
into the equality L = tt*(Ti + T 2 + T3 + T4). 
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